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ANY INFINITE-DIMENSIONAL FRECHET SPACE
HOMEOMORPHIC WITH ITS COUNTABLE
PRODUCT IS TOPOLOGICALLY A HILBERT SPACE

BY

WESLEY E. TERRY

ABSTRACT. In this paper we will prove that any infinite-dimensional
Fréchet space homeomorphic with its own countable product is topologi-
cally a Hilbert space. This will be done in two parts. First we will prove
the result for infinite-dimensional Banach spaces, and then we will show
that the result for Fréchet spaces follows as a corollary.

1. Introduction. Let F be a Fréchet space (complete locally convex metric
topological vector space) such that F is homeomorphic with (&) its own count-
able product (F“). In the following we will show that such a Fréchet space is
homeomorphic with a Hilbert space of appropriate weight.

In an addendum to [13], Torufczyk claims a proof of the same result, The
two proofs are independent and use techniques which are completely different.

2. Preliminaries. Let A be a set of cardinality X, The space Ip(x) for
fixed p > 1 is defined to be the set of all real functions r = {r,} defined on the
set A with at most a countable number of nonzero elements and with 3,|r,|? <co.
The norm on [,(X) is ||r|| = {2,|r,|?}1/P. When p = 2, this is a Hilbert space of
weight X,

In [1] Bessaga has proven the following theorem:

Theorem 1. If F is a Fréchet space then I (wF) & 1,(wF) x F where wF
is the cardinal equal to the weight of F.

Proof. See 8.1, 3.2, 8.4, and 8.5 in [1]. O

We will use the existence of such a homeomorphism for a Banach space to
show B & B“ implies B & I,(wB).

We will now prove an imbedding theorem for Banach spaces.
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Lemma 2. Let B be an infinite-dimensional Banach space, Then there is a
closed imbedding of I,(wB) into B®.

Proof. Fix 1/n with n a positive integer, and let QUC'L }aea be the collection
of all 1/n balls of l(wB). Find a locally finite refinement iUﬂ§ BB and let
{y /3} BB be a partition of unity subordinate to this cover. Applying a theorem of
Michael (Lemma 2.1(c) and (e) of [11]) we may obtain a locally finite refinement
tcgﬁ;ﬁes?, i=1,2,+++,such that G,;3 NG, =g if B#y. Do this for each

positive integer. Next, by Lemma 1.2 of [4], pick a collection of disjoint open
sets in the unit sphere of B having cardinality the weight of B, and pick one
point x 8 from each of the open sets.

Define

[ [ ]
g Il(wB) — H (H Bi) .

n=1 \i=1 n

rg{ 2 tﬁfﬁ(r,ﬂ)xwf.
iBeB?
Note that there is at most one nonzero coordinate in each B; for each n since a
point may lie in at most one subset of a disjoint collection.
Now, g is clearly continuous, and g is one-to-one since no point is within
1/n of any other point for all n. To see g=! is continuous, observe that given
€> 0 and a sequence {y’} converging to y in the image of g, we may pick n such
that2/n<e Then pick a k such that y has a nonzero coordinate in B, = where
B , is the kth copy of B in the nth product (H:lBi)n. Let 8 be a point with
the nonzero real multiple. Then since convergence in a product is equivalent to
coordinate-wise convergence, pick | such that j> J implies the %a multiple in
B, , is nonzero for y’. It is here that we are using the fact that {x,} is a dis-
crete set. Then g~!(y”) and g=!y) are contained in a 1/ ball in [ ,(wB) for
all j> J. Therefore, the distance between g~ !(y”) and g=1(y) is less than ¢
forall j> J.
This gives an imbedding of ll(wB) as a Gy setin B“. Now, given a

Banach space B, by the Hahn-Banach theorem B &R x N where R is a copy of
the reals. Therefore,

B?&(Rx N)*=R%x N R% x B.
Using this fact, we may imbed this G4 as a closed subset of B%. (See Kuratow-

ski [9, pp. 229 and 430].) Thus we obtain a closed imbedding. O
Remark 1. The proof of Lemma 2 may be adapted to any open cone, M, which
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is a topological vector space. All we need to do is pick a discrete set {x .} in
M® which is radially independent and for which the cardinality of {x B} equals
the weight of M. See Lemma 1.2 of [4] .to see that we may pick a discrete set

{x ,Bi chosen from disjoint open sets. In the nonseparable case, using a Zotn’s
lemma argument together with the fact that the topology of a ray is second count-

able, we may then produce a radially independent set. The separable case uses
the fact that any metric topological vector space has a real factor. See Hender-
son’s paper [5] for theorems on spaces being open cones.

Given (B, || || )] i=1, 2, +++ }, a collection of Banach spaces, and given
I = Il(no), we will define 3, B; to be the set of sequences {x,}, x;€B;, such
that i||x || Y€ Z,. 1f (B, || ||)) is the same pair for each i, we will just write
EIIB. It is easy to show that 2,13 is a Banach space.

Lemma 3. Given an infinite-dimensional Banach space B, there is a homeo-
morphism

B: 3, (1,\l0) x 2, . (wB)
ll 1 l1 1
— 2, (\ODx 2 BxE; (h\OD x5, 1(wB)

satisfying the following properties:
1) r, 0) = (1,0 », o, 1/12(7) 0) where : 3, (l \fOf)—’El (1 \{0» X
3, (l \{0}) is the zsomorpbzsm sending odd coordmates to the /zrst copy and even
coordmates to the second copy and where s, is projection of Y into the ith copy
of &, (l \{Oi), i=1,2.
(2) For each positive integer n there is a positive integer m such that
b4 o& ;,4) O ues °(b3’ },L)(,, x)=0

-~

m

for all x with at most the first n coordinates nonzero. Here b, is projection of
b onto the ith coordinate.

3) |r|l + 1, = 15,(n x)|l +1by(r, D) g + |y, x)lll +|b (1, )|, where
b; is again pro]ectzon of b onto tbe ith coordinate and where | |l o | |B’ and
| |, are the norms on the spaces lll, pX 1,B and 3, ll (wB) respectively.

Proof %, 1,(wB) = 1,(wB). Therefore, Theorem 1 guarantees a homeomor-
phism g': 3, l (wB) - 21 Bx3, ! (wB). It was shown by Klee in [6] and [7]
that the unit sphere of any mfuute-dxmensxonal Banach space B’ is homeomor-
phic with any of its hyperplanes (subspace of deficiency one). Thus B'= Rx N
and the unit sphere is homeomorphic with N. But any infinite-dimensional Banach
space has an [, factor. (See [12, Remark 1].) Thus N = R x N, and the unit
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sphere of B’ is homeomorphic with B’. Therefore, given g': = 1l (wB) = &, B x
z, N (wB) there is a homeomorphism g* from the unit sphere of £ I II(wB) to the
umt sphere of 2, B x 2111 (wB) under norm | | g + | |,,. But then there isa
radial homeomorphlsm

g Ellll(wB) — leB X Elill(wB).

v (19usi(G ) et ()

g 1:3 BxEl l(wB)—'E 11(WB).

z
(o D+ (yl g+ 12 >g*-1( y )
ot e T Ty, Dl + 1,

In both cases zero is sent to zero. Now g has the property that g~ 1(Z, B toh)
is a radial subset of /,(wB).

Now, by a theorem of the author’s [12], B*= X, B for all infinite-dimen-
sional Banach spaces. Therefore, by Lemma 2, there is a closed imbedding f of
lell(wB) into EIIB x {o} CE,IB x E,lll(wB). Define the map

-l i
S, 1.(wB) x {0} -(_.—o,)_,:_i‘ 3, 1.(wB) x {0}
ll 1 Il 1

fa) g
5, LwB) x 3, L(wB) I, 1(wB) x5, 1,(wB).

This is a closed imbedding, and therefore, by a theorem of Klee [8], there is a
homeomorphism
G: 21111('”5) x Ellll(wB) - Ellll(wB) X Ellll(WB)

which extends this map.
Let ¢: E I (wB) = %, ! \(wB) x & 1! (wB) be the isomorphism sending odd
coordinates to the first copy and even coordmates to the second. Define

! Ellll(wB) — ZIIB x 21111(“’3)
by
B'(x) = (id x p=1) o (id x ¢~ 1 x id) © (id x G x id) © (id x ¢~ x id x id)

° (g x id x id x id) © (¢ x @) © Hx).
That is
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3, 1wB) ——2—— %, 1(wB) x 3, I,(wB)

.__L Ellll(wB) x 21111('”3) x Ellll(wB) X 21111(“’3)
exidxidxid s g s 1 (wB) xS, L(wB)x3, I (wB) xE, I(wB)
—————) ll 11 1 ll 1 Il 1 ’l 1
. -1y aye:
idx¢~ xidxid 2, Bx 21111(“'3) X Ellll(WB) X zllll("'B)
1
idxGxid 21 BxX, I,(wB)x Ellll(wB) x E,lil(wB)
1 1
T
idxg” Ixid Z, Bx %, LwB) x 21111(“’3)
o1
ﬂ;_. %, Bx X, I,(wB).
1 1

Since b’ is a composition of homeomorphisms, b’ is a homeomorphism.
Finally, define a new homeomorphism b by

5%, (\OD x 3, 1(wB) — 2, (1,\l0) x £ 1B %2, (NOD x 3, 1,(wB),

p=(r, D (,¢,(Ml) (7 ,,) (- |,) “(Mx, )

where
Iy, + 141,

T TG, Mg + 1B3G/A T,

Now b is continuous since it is coordinate-wise continuous, (Note that |7 1 can-
not be zero.)

bh-1: 211(11\10}) x EIIB X E,l(ll\§ o} x Ellll(wB) - Ell(ll\iOD X 21111(“’3)

- r s \
q:(r, y, 5, ) (t v ‘( )
N |’111+|5|1l ’|’111+|$|1l}

)
+ |s r +|s
My + 1o T+ 1o,

where
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Wy +1ylg +1sly + 12y,

t
SFTTIS TS rly +1sly)s z/(|r|ll Isl; Dy,

The reader may now show that b is the required homeomorphism. Remember that
g &, B {0) is radial. Also, look at the diagram above. When x 62 1,(wB)

and qS(x) has second coordinate zero, then b' ° b'(x) will be zero. Tl'us wxll
give us condition (2). O

A closed set KC B has property Z (is a Z-set) in B if for each nonempty,
homotopically trivial, open set U in B it is true that U\K is nonempty and
homotopically trivial.

We will need the following theorem concerning Z-sets:

Theorem 4. Given a Banach space B = B®, then a countable union of Z-
sets U7, K? is negligible in B, i.e. B2 B\U°° K.

Proof. This result is due to Chapman and Toruriczyk, independently. See
[2] or [14). O

Remark 2. 5, Vi \io!) 3 lI = 1,. This is due to the fact that K
iz} 621 L%, = 0( isa Z-setin X, l and (El I)\(Un_l K)=%, (l\jo}) See
Cutler [3, Theotem 1] for a proof that (E l )\(U 1K ) is homeomorphxc with

21111 211(211(1 \{o}) = I, by a similar proof

3, Main results.

Lemma 5. Any infinite-dimensional Banach space B & B® is homeomorphic
to I,(wB).

Proof. Let » be the homeomorphism guaranteed by Lemma 3,
b: 3, (ll\ioi) xZ,; 1,(uB) - %, (ll\¥0§) x3%; Bx %, (Il\{Of) x %, 1,(wB),
1 1 1 1 1 1
and let b, be the projection of b onto the ith coordinate, i = 1, 2, 3, 4. Define

El/(EIIB) =t} EZII(EIIB)Ixi =0 for almost all i},
1
and define

={(r, 0 ez,l(ll\io}) x %) LwB)|

b4o£b3, b4)°---°(b3, b4)l(r, x) = 0 for some n=1,2,++}

n: 1
where
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(b, b): E,l(ll\ioi) x 21111(“’3) — 2,1(11\101) % 21111(“'3)’
(7, 2 = (by(r, ), b(r, D).

We will let (b, b,)" denote the n-fold composition of (bs, h,). (Note that A is
a set of the form %, ( 1\309 x N, i.e. A does not depend on the first coordinate.)
Then define

(r 2) > (by © (b, b )"~ Xr, DY, 1h, © (by, Y™ Nr, D).

H is into by condition (1) of Lemma 3. Given (r, x) € A, there exists an » such
that b, o(b,, b )™r, x) = 0. Then let s = by © (hy, b )™r, x). By condition (1),
ks, 0) = ((s), 0, ¥ (s), 0). But ¢ is an isomorphism, and therefore, H(r, x) is
summable. In fact, |H(r, x)| g = |(7, x)| , where | |, is the norm on A and | ls
is the norm on 2,1(211(11\{00) X EI/(EIIB).

Now define 1

YW=b=(b, b, b, b,
2h=(hy, by bolby b))

"h=(hy, by byolby b, hyolby b, «ee,
byolby b)"=2 byo by, b)"2 bolby, b))

"b: z,l(ll\iof) x 2,11,(w3)—»[(2,1(11\to!) xZy B)x+es x(Z,l(ll\ioi) x 2’13)]

—

N
n—

n-2
x S ,l(zl\toz) x3; Bx3, U L\od) x IRAC

"b is a homeomorphism for each » and "b is distance preserving from zero by
condition 3 of Lemma 3.

To see that H is continuous, given {(r7, x’)fj converging to (7, x) in A and
€> 0, pick N such that

' ;):l (15, © (by, 5)*=1r, 2| + b, © (by, b )= Ur, D] <e/8.
=N+

Now since N+1) is a homeomorphism, given ¢/8 there exists a ] such that
j> ] implies
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N
'21 [By o (by, b =Xr, x) = by o (hy, b)=UrP, x|
i=

N
+ X by o by, b)=Ur %) = b, o (hy, b= Yri, #)]
i=1

+ by o (by, b N, %) - hy o (hy, b IN(r7, )|
+1bgolby, b %) = by o (by, b )N, #)| <.

In particular, the last two terms in the four term sum are less than ¢/8. Since H
is distance preserving from zero, |H(r, ) - H(r’, x’)| <e. To see this, note that

by 0 (by, bYNG, 2) = by o0 (by, b YN, 2D < 5
says that |b3 ° (h3, b4)N(rf. %")| < e/8 + €/8 since

by o by b YN, 2| +|b, 0 (b, bING, )]

oo
= X by olhy, b)i=1rn 2| +1b, 0 (by, )=, |
i=N+1
The same holds for |, © (b, b )N(r' x))|. H is clearly one-to-one and onto.
To see that H-! is contmuous, let §(r7, xm converge to (7, %) m
(2 (l L\od) x 2 /(2;,B) and suppose we are ngen €>0. Let Nj bea
l

positive integer such that x,=0 for n> N where x_ is the nth coordinate in
x=(x). Then pick Ny> N, so that EN +1(|' | +|%; |) < 1. Then, let (s, 0)
with |sl <1 be the last two coordmates in NOy(H- l(r, x)). Similarly, let (s, y?)
be the last two coordmates in YOH(H=1(r7, x7)). Next, pick J such that j> J
implies |s7| < 1. Now, Nop is a homeomorphism. Therefore, given Noy H=1r, x))
and ¢ > 0 there is a § > 0 such that if a point is within § of Nop(H=1r, )
then its image under (NOp)-1 s within ¢ of H=1(r, »).
Next, pick N> N, so that S [y, © ¢, © +++ © i (s)| <8/16. Then, let
8, = 8/4N2. Given 3, pick < 8, such that z ezllll(wB) and |z- 0|, <
implies
|b;(2) -0l +1b,(2) - 0] , <&
Then pick J; > ] such that j> J ' implies
lyil g by o (by bYm= s, ¥
ERAT N

Then j> | ‘; (looking at the definition of b)

forn=1,2,+¢¢,N.
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(Is7] + ly"Dy (s7/] s
7 : : 77 . . ‘l’l(s’)
L+ |k (/|sD + b,y (y7/|s7)
i + Lyl (s7/]s7])
) (s7| +.|)' | ¥,(s |,s |’ _ _ |sily (s7/]sf)
1+ b G/ 1D + b,y (/s

IN

1+ b, GID] + b2

Isi] + Iyf] = 5] = |s71(13. /|| + |b;<yf/|sim>|

<lly'l = 17105, /1D + 152G < 8, = 8/4N2
Similarly

| s+ 1yDu gsi/1siD

|1+ 1G] + b, (/157D

- !/lz(s’)

<8,

Also, let

(Is] + |y/Dg (s7/|s7])
P T I IS + 14, G/
and let g= b 4(s", y’). Then, by the same argument as above
(12l + gDy (p/\p)
1+ |b(q/18D| + |5,(q/1p))|

But |¢, © ¢.(s) - ¢ (p) < |¢ (s) - p| < 8, =8/4N? and ¢ is an isomorphism.
Therefore

= by(s, y),

= ¢, (@) < llal =121 5) (a/12D] + 1, (a/12DD] < 8¢

(ol + gDy (2/|8])

Yy o Ps - —— ;
1- "2 1+ b (q/16D) | + b, (q/|0])

(8l + gDy, (/1)
1+ |b](q/18D] + |b,(a/| ]I
By induction, the kth coordinate for k < N satisfies

¢, o yh=1sN) = by o (by, bYR-1(s", y))| < kB/4N2

< W’l ° '/’2(57) - '/'I(P)l +

: :/rl(p)l < 26/4N2.

Here tﬁ’;'l denotes the (k - 1)-fold composition of ,. But now pick J, > | ‘;
such that for j> J,
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M ¢, ° Yr-Us) - b, o (byy b )E=1sT, y)| <8/4N for k=1,2,+++, N;
@ |y <8/4 and
3 lIs%, )] - |(s, 0] < 8/16.

Then

N
Is7= sl + 1y~ 0 = 3 19y 0 9= Xs) = gy 0 94X + 1]
i=1

DI A O R AR A €|

i=N¢1

2

ST W0y =byolby b= Xsi, )
1

i

N
+ Zl |5y 0 (b, b= Us7, y) - ¢ 0 Y= UsN)

+ 24 T W owi e T Iy o pimie)|
i=N +1 i=N41

< N(8/4N) + N(B/4N) + 8/4 + 8/16 + (8/16 + 8/16)

=158/16.
Therefore, pick J, > ], such that j> J, implies

lmy ol Ob(H" (r, x))] - ol ob(l-l‘ 1(r7, x)]| < 8/16,
NO NO

where 7 is projection onto the first N, coordinates, Then |H~(r, x) -
H=Yr’, x)| <¢ whenever j> J . Thus H-! is continuous and H is a homeomor-
phism.

By Remark 2, X l(l \fo}) =~ I, and 3 (2, (l \{OD) & ],. Using the fact
that A=3, (I \{Of) x N for some NCE, I (wB), we may change H to a homeo-
morphism H

H": I, xN—1;x EII(ZIIB).

H' may be extended to G subsets of ! xE, I,(wB) and ! xEIl(EllB) by a
theorem of Lavrentiev (see Kuratowski [9, p. 429]) But these G sets are dense
in the respective spaces, and the complements are countable unions of Z-sets,
They are Z-sets since we may leave the l; coordinates alone and use the fact
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that I, x 21/ ll(wB) and I x 21/(2113) are contained in the respective Gg’s.
1

1
Then given a closed set K in the complement of, say, /;, x £ I/II(WB) and a map

f: $7 — U\K, cover the image of S under f, a compact set, by a finite number
of convex open sets contained in U\K. Then pick an M such that m l([ (s™) x
[ﬂM(rrw/(S")) x {0}] is contained in the union of the open sets. Here my is pro-
jection onto the first M coordinates and =, is projection onto % ! ll(wB). Now,
straight line homotopy each point of f(S™) to its corresponding point with {0}
from M+ 1 on in the = 1! (wB) factor. This gives an extension of f to a func-
tion f: Entl — U\K. Hence K is a Z-set.

Finally, by Theorem 4, I; x %, I,(wB) =1, x %, (2, (B)). But ; x
21111(“’3) = (wB) since lell(wB) = 1,(wB) and ll("’Bs =1, x I,(wB). Sim-
ilarly I, x Ell(EllB) = 2,13. By a theorem of the author’s, [12]. EIIB = B“. There-
fore, since B & B by assumption, B =/,(wB). O

To extend this result to Fréchet spaces, we need the following obvious
lemma:

Lemma 6. Let {| | i; be a collection of pseudo-norms which determine the
topology of the Fréchet space F. Then there is, for each i, a continuous linear
surjection T; of F onto the Banach space F/| |i= B,

Theorem 7. Any infinite-dimensional Fréchet space F = F® is homeomor-
phic with 1,(wF).

Proof. By Lemma 6, there are continuous linear surjections T;: F — B;.
By a result in [1], this gives us that F~B i X N; where N i is the kernel of Ti‘
Therefore, since F = F%,

F&B,xN, (B, x N)*&B x(B,x N)*&B?x F.
Therefore,
00 00
Fex I] (Bf’xF)a(H B;") x F.
i=1 i=1
By a theorem of the author’s [12],
(]
[ON. ~
B} =-=211Bl. and H2‘13i=2’1(2’ B);.
i=1 1
Therefore, F“’gzll(z,lai)ix F. But 2,1(2,131.),. is a Banach space with
weight equal to the weight of F, and it is homeomorphic with its countable
product. Therefore, 3 11(2 llBi) ; =1,(wF). But then F] ,(wF) x F, and Theorem

1 gives I (wF) = | (wF) x F. Thus, F & I,(wF). But I,(wF) is homeomorphic
with I(wF). (See Mazur, [10].) Therefore, F ~/(wF). O
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